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On the Cohomology of the Moduli Space of
Parabolic Connections
Yuki Matsubara
Abstract
We study the moduli space of logarithmic connections of rank 2
on P1 \ {t1, . . . , t5} with fixed spectral data. The aim of this paper is
to compute the cohomology of this space, a computation that will be
used to extend the results of the Geometric Langlands Correspondence
due to D. Arinkin to the case where these types of connections have
five simple poles on P1.
1 Introduction
In this paper, we study the moduli space of logarithmic connections of rank
2 on P1 \ {t1, . . . , tn} with fixed spectral data. These moduli spaces have
been studied from various points of view. For example, they occur as spaces
of initial conditions for Garnier systems ([6]). In a recent paper [11], C.
Simpson studied some of the topological structures of related moduli spaces
in the context of problems such as the WKB theories, and the P = W
conjecture. Our interest in the subject of moduli spaces comes from its
relation to the Geometric Langlands Correspondence. In [1], D. Arinkin
proved such correspondence in a special case, by using the geometry of the
moduli space of such connections on P1 \ {t1, . . . , t4}. If n ≥ 5, this moduli
space has not been studied in detail, for its dimension is 2(n − 3), which
is larger than 4. In this work, by using canonical coordinates introduced
by apparent singularities, we are able to reduce the problem to that of the
geometry of surfaces (see §2.4).
The logarithmic connections.
Fix points t1, . . . , tn ∈ P1(ti 6= tj), and set D = t1+· · ·+tn. We consider pairs
(E,∇), where E is a rank 2 vector bundle on P1 and ∇ : E → E⊗Ω1P1(D) is
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a connection having simple poles supported by D. At each pole, we have two
residual eigenvalues {ν+i , ν−i } of∇ for each i = 1, . . . , n; they satisfy the Fuchs
relation d+
∑
i(ν
+
i +ν
−
i ) = 0, where d := deg(E). Moreover, we can naturally
introduce parabolic structures l = {li}1≤i≤n such that li is a one-dimensional
subspace of Eti which corresponds to an eigenspace of the residue of ∇ at ti
with the eigenvalue ν+i . Note that, when ν
+
i 6= ν−i , the parabolic structure
l is determined by the connection (E,∇). Fixing spectral data ν = (ν±i )
with integral sum −d, by introducing the weight w for stability, one can
construct the moduli space Mw(t,ν, d) of w-stable ν-parabolic connections
(E,∇, l) of degree d using Geometric Invariant Theory, and the moduli space
Mw(t,ν, d) turns out to be a smooth irreducible quasi-projective variety of
dimension 2(n− 3) (see [6] for details).
We note that, when
∑n
i=1 ν
i
i 6∈ Z, for any choice (i) ∈ {+,−}n, every
parabolic connection (E,∇, l) is irreducible, and thus stable for any weight
w; the moduli space Mw(t,ν, d) does not depend on the choice of weights
w in that case.
These moduli spaces occur as spaces of initial conditions for Garnier sys-
tems, the case n = 4 corresponding to the Painleve´ VI equation. Such
differential equations are nothing but isomonodromic deformations for linear
connections. By suitable transformations, we may normalize ν as
ν±i = ±νi (i = 1, . . . , n− 1)
ν+n = −d− νn
ν−n = νn,
for some (ν1, . . . , νn) ∈ Cn. Denote by M(d) the moduli stack of ν-sl2-
parabolic connections of degree d and by M(d) its coarse moduli space. By
the above normalization, we have a natural isomorphismM(d) 'Mw(t,ν, d)
(see [6]). Moreover, M(d) has a natural compactification M(d), which is the
moduli space of λ-ν-parabolic connections (E,∇λ, λ ∈ C) over P1. (Note
that the moduli space M(d) is nothing but the moduli space of (ν1, . . . , νn)-
bundles on P1 treated in [2] and [10], and M(d) is the moduli space of -
bundles on P1 in [1]).
We should mention that P. Boalch has a number of related works con-
cerned with the case of meromorphic connections with irregular singularities.
We refer to [3], for example.
Main Results.
Theorem 1.1. Let M(d) be the moduli stack of ν-sl2-parabolic connections
of degree d. Then we have
2
H i(M(d),OM(d)) =
{
C, i = 0,
0, i > 0.
2 Preliminaries
2.1 sl2-connections.
We introduce sl2-connections.
Fix complex numbers ν1, . . . , νn ∈ C. Suppose that ν1 · · · νn 6= 0 and
n∑
i=1
iνi /∈ Z
for any (i) ∈ {+,−}n.
Definition 2.1. A ν-sl2-parabolic connection on P1 is a triplet (E,∇, ϕ)
such that
(1) E is a rank 2 vector bundle of degree d on P1,
(2) ∇ : E → E ⊗ Ω1P1(D) is a connection, where D := t1 + · · ·+ tn,
(3) ϕ :
∧2E ' OP1(d) is a horizontal isomorphism,
(4) the residue resti(∇) of the connection ∇ at ti has eigenvalues ν±i for
each i (1 ≤ i ≤ n).
We call ν = (ν±i )1≤i≤n local exponents.
There exists a one dimensional subspace li ⊂ Eti on which resti(∇) acts
as multiplication by ν+i . For generic ν, the parabolic direction li is nothing
but the eigenspace for resti(∇) with respect to ν+i so that the parabolic data
l = {li} is uniquely determined by the connection (E,∇, ϕ) itself.
In this paper, it is enough to consider the case where d = −1. By suitable
transformations, we may put
ν±i := ±νi (i = 1, . . . , n− 1), ν+n := 1− νn, ν−n := νn.
Denote by M(d) the moduli stack of ν-sl2-parabolic connections on P1,
and by M(d) its coarse moduli space. This moduli space is a smooth, irre-
ducible quasi-projective algebraic variety of dimension 2(n−3) ([6, Theorem
2.1]). Recall that M(d) has a natural compactification M(d) which is the
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moduli stack of λ-ν-parabolic connections (E,∇λ, ϕ, λ ∈ C) over P1. (Note
that, in [1], λ-ν-parabolic connections are called -bundles.) Then, under
the condition that (E,∇, ϕ) is irreducible, Arinkin showed that the moduli
stack M(d) is a complete smooth Deligne-Mumford stack [1, Theorem 1].
Moreover, he also showed that the λ = 0 locusM(d)H ⊂M(d), which is the
moduli stack of parabolic Higgs bundles, is also a smooth algebraic stack.
On the other hand, as remarked in the proof of [1, Proposition 7], the coarse
moduli space M(d) corresponding to M(d) is not smooth: it has quotient
singularities. As for the possible smooth compactification by φ-parabolic-
connections, one may refer to [6].
2.2 Lower and upper modifications.
In this subsection, following [10, §2], we describe the lower and upper modi-
fications. Let E be an algebraic vector bundle on P1 of rank 2 and of degree
d. Fix a point t ∈ P1. Let l ⊂ Et be a one-dimensional subspace.
Definition 2.2. We call
(t, l)low(E) := {s ∈ E | s(t) ∈ l}, (t, l)up(E) := (t, l)low(E)⊗OP1(t)
the lower and upper modifications of E, respectively.
The lower and upper modifications provide the exact sequences
0 −→ (t, l)low(E) −→ E −→ Et/l −→ 0,
0 −→ E −→ (t, l)up(E) −→ l ⊗OP1(t) −→ 0,
respectively. In other words, we change our bundle by rescaling the basis of
sections in the neighborhood of a point t as follows: given a local decompo-
sition V = l ⊕ l′ of E ' V ⊗ O, we take the local basis {s1(z), s2(z)} with
l⊗O ' 〈s1(z)〉 and l′⊗O ' 〈s2(z)〉. Then the basis of the lower modification
(t, l)low of the bundle is generated by the sections {s1(z), (z − x)s2(z)}, and
the upper one (t, l)up is given by {(z− t)−1s1(z), s2(z)}. Consequently, in the
punctured neighborhood, we may represent the actions of the modifications
by the following gluing matrices
(t, l)low =
(
1 0
0 (z − t)
)
, (t, l)up =
(
(z − t)−1 0
0 1
)
.
For the parabolic bundle (E, l), we recall the geometrical properties of
these modifications. Denote by P(E, l) the projectivization of the parabolic
bundle (E, l). It consists of the projective bundle PE together with a parabolic
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point li in the fiber F of each ti. In this situation, the lower and the upper
modifications of E are birational transformations of the total space tot(PE):
these are the blowing-ups of the point li ∈ PE followed by the contraction of
the total transform F˜ of the fiber F . The point resulting from this contrac-
tion gives the new parabolic direction l′i. We recall their properties in the
following proposition:
Proposition 2.3. Let (E, l) be a parabolic bundle over (P1, t = {ti}). Then
the parabolic bundle (E ′, l′) = (ti, li)low(E) satisfies the following properties:
(1) det(E ′, l′) = det(E, l)⊗OP1(−ti).
(2) If L ⊂ E is a line subbundle passing through li, its image by (ti, li)low
is a subbundle L′ ' L of (ti, li)low(E) not passing through l′i.
(3) If L ⊂ E is a line subbundle not passing through li, its image by (ti, li)low
is a subbundle L′ ' L⊗OP1(−ti) of (ti, li)low(E) passing through l′i.
For the upper modification, the parabolic bundle (E ′′, l′′) = (ti, li)up(E) satis-
fies:
(4) det(E ′′, l′′) = det(E, l)⊗OP1(ti).
(5) If L ⊂ E is a line subbundle passing through li, its image by (ti, li)up is
a subbundle L′ ' L⊗OP1(ti) of (ti, li)up(E) not passing through l′′i .
(6) If L ⊂ E is a line subbundle not passing through li, its image by (ti, li)up
is a subbundle L′ ' L of (ti, li)up(E) passing through l′′i .
For a ν-sl2-parabolic connection (E,∇, ϕ), the lower modification of E
gives the new connection ∇′ which is deduced from the action of ∇ on the
subsheaf (ti, li)
low(E) ⊂ E, and, over ti, local exponents are changed by
(ν+i , ν
−
i )
′ = (ν−i + 1, ν
+
i ) (and other ν
±
j are left unchanged for j 6= i).
The lower modufication gives us a morphism of moduli spacesM(d)→M(d−
1). The upper modification defines the inverse map, and therefore, we have
M(d) 'M(d− 1).
2.3 Hirzebruch surfaces and the blowing-ups.
To describe the moduli space M(−1), we introduce some blowing-ups of the
Hirzebruch surface Fn−2. Put L := Ω1P1(D). We consider the surface Fn−2
as the total space of P(OP1 ⊕ L). Denote by s∞ the section defined by L.
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Fn−2 \ s∞ is naturally identified with the total space of L. In particular, the
affine part of the fiber Fi over ti has the natural chart resti : Fi \ s∞ ∼−→ C
given by the residue of sections of L. We define two points νˆ±i ∈ Fi by
resti(νˆ
±
i ) = ν
±
i .
Denote by F˜n−2 := Blνˆ±i Fn−2 the blowing-up of Fn−2 at νˆ
±
i for each
i = 1, . . . , n, by s˜∞, F˜i the strict transforms, and by E±i the exceptional
curves at (ti, νˆ
±
i ). Set
K′n := F˜n−2 \ (s˜∞ ∪ F˜1 ∪ · · · ∪ F˜n).
We denote by Kn the image of K′n under the projection K′n → Fn−2 \ s∞.
2.4 Apparent singularities and the dual parameters.
Let (E,∇, ϕ) ∈M(−1). We can define the apparent singularities of (E,∇, ϕ) ∈
M(−1) as follows: we fix a section s ∈ H0(P1, E). For the section s, we define
the following composition
OP1 s−→ E ∇−−→ E ⊗ L −→ (E/OP1)⊗ L.
The composition OP1 → (E/OP1)⊗L is an OP1-morphism, which is injective.
Then we can define a subsheaf F 0 ⊂ E such that OP1 → (F 0/OP1)⊗L is an
isomorphism. By the isomorphism F 0/OP1 ' L−1, we have F 0 ' OP1 ⊕L−1.
Therefore, we have the following exact sequence
0 −→ OP1 ⊕ L−1 −→ E −→ TA −→ 0,
where TA is a torsion sheaf. By the Riemann-Roch theorem, the torsion sheaf
TA is length n− 3.
Definition 2.4. For (E,∇, ϕ) ∈M(−1) and a nonzero section s ∈ H0(P1, E),
we call the support of TA the apparent singularities of a ν-sl2-parabolic con-
nection with a cyclic vector (E,∇, ϕ, [s]).
Now, we consider the following stratification of M(−1). By the irre-
ducibility of (E,∇, ϕ) ∈M(−1), we have the following proposition.
Proposition 2.5. For (E,∇, ϕ) ∈M(−1), we have
E ' O(k)⊕O(−k − 1) where 0 ≤ k ≤
[
n− 3
2
]
.
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Denote by M(−1)k the subvariety of M(−1) where E ' O(k)⊕O(−k−1).
Then
M(−1) = M(−1)0 ∪ · · · ∪M(−1)[(n−3)/2].
Note that the stratum M(−1)0 is a Zariski open dense set of M(−1).
For (E,∇, ϕ) ∈M(−1)0, we define dual parameters as follows: put U0 :=
P1 \ {∞}, U∞ := P1 \ {0}. Let z and w be coordinates on U0 and U∞,
respectively. Put
ωz :=
dz∏n
i=1(z − ti)
and R0 :=
(
1 0
0 1
z
)
.
Since E ' OP1 ⊕OP1(−1), we can denote the connection ∇ by
∇ =
{
d+ A0z ⊗ ωz on U0
d+R−10 dR0 +R
−1
0 (A
0
z ⊗ ωz)R0 on U∞,
where A0z :=
(
f
(n−2)
11 (z) f
(n−1)
12 (z)
f
(n−3)
21 (z) −f (n−2)11 (z)
)
.
Note that the zeros of the polynomial f
(n−3)
21 (z) are the apparent singularities
of (E,∇, ϕ). We denote by {q1, . . . , qn−3} the apparent singularities. We
put pi := f
(n−2)
11 (qi) ∈ Lqi . We call {p1, . . . , pn−3} the dual parameters of
(E,∇, ϕ) ∈M(−1)0.
3 Geometric description of M(−1)0
Let K′n be the Zariski open set of the blowing-up of the Hirzebruch surface
of degree n − 2 defined in subsection 2.3, and let Kn be the contraction
K′n → Kn. Then we can define the map
M(−1)0 −→ Symn−3(Kn)
(E,∇, ϕ) 7−→ {(q1, p1), . . . , (qn−3, pn−3)},
(1)
which was constructed in [10, §3]. We consider the composite of the Hilbert-
Chow morphism and the blowing-up
Hilbn−3(K′n) −→ Symn−3(K′n) −→ Symn−3(Kn),
where K′n → Kn is the blowing-up defined in subsection 2.3. We have the
following proposition.
Proposition 3.1 ([9] Theorem 5.2). We can extend the map (1) to
M(−1)0 −→ Hilbn−3(K′n),
and this map is injective.
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Suppose n = 5. We denote by Z ⊂ Sym2(K′5) the proper pre-image of
{(q1, p1), (q1,−p1)} ⊂ Sym2(K′5) under the blowing-up Sym2(K′5)→ Sym2(K5),
and by Z˜ ⊂ Hilb2(K′5) the proper pre-image of Z under the Hilbert-Chow
morphism Hilb2(K′5)→ Sym2(K′5). Denote by
H˜ilb
2
(K′5)→ Hilb2(K′5) (2)
the blowing-up along Z˜, and by Ẑ the strict transform of Z˜. We also denote
by (K′5×K′5)∼ the blowing-up of K′5×K′5 along the ideal (q1−q2, p1−p2), and
by (K′5×K′5)≈ the blowing-up of (K′5×K′5)∼ along the ideal (q1− q2, p1 +p2).
Then Hilb2(K′5) = (K′5 ×K′5)∼/S2 and H˜ilb
2
(K′5) = (K′5 ×K′5)≈/S2.
Now, using the above description, we define another important blowing-
up of the Hirzebruch surface F3. Fix q1 ∈ P1 \ {t1, · · · , t5} and define the
fiber F6 over q1. We denote by (F3)≈ the blowing-up of F˜3 at two points
{(q1, p1), (q1,−p1)} (when p1 = p2 = 0, it blows up twice at (q1, 0)). Set
K′5,q1 := (F3)≈ \ (s˜∞ ∪ F˜1 ∪ · · · ∪ F˜6),
where F˜6 is the strict transform of F6. We denote by E
±
6 the exceptional
curves at (q1,±p1), and denote by K5,q1 the image of K′5,q1 under the projec-
tion K′5,q1 → F3 \ s∞.
4 Geometric description of K′5,q
In this section, for the sake of simplicity, we write K′5,q for K′5,q1 .
Proposition 4.1. Let F be any quasi-coherent sheaf on K′5,q. Then H i(K′5,q,F) =
0 for i ≥ 2.
Proof. Let Q be a projective line doubled at the six points {t1, . . . , t5, q}. We
can define a natural projection K′5,q → Q. Moreover, this map is an affine
bundle, thus it is an affine morphism.
Set Dq := 2s˜∞ + F˜1 + · · ·+ F˜6. Then
(Dq, Dq) = (Dq, s˜∞) = (Dq, F˜i) = 0. (3)
We also have K := K(F3)≈ = −2s˜∞ −
∑5
i=1 F˜i + E
+
6 + E
−
6 . By the
Riemann-Roch theorem, we have
χ(ODq) = −
Dq(Dq +K)
2
= −1.
This implies the following statement.
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Proposition 4.2. Let E be a locally free sheaf on Dq of rank r. Then
χ(E) = 2 deg(E|s˜∞) +
6∑
i=1
deg(E|F˜i)− r.
Proof. This follows from the Riemann-Roch theorem for an embedded curve
(cf. [4, Chapter 2, Theorem 3.1]).
Lemma 4.3. Let E be a nontrivial invertible sheaf on Dq such that deg(E|s˜∞) =
0, and either deg(E|F˜i) = 0 for all i, or one of the numbers is deg(E|F˜i) = −1,
another one is 1, and the remaining three equal zero. Then H i(Dq, E) = 0
for i 6= 1, and H1(Dq, E) = C.
Proof. By Proposition 4.2, we have χ(E) = −1. Therefore, it is enough to
prove that H0(Dq, E) = 0.
Assume the converse. Let f ∈ H0(Dq, E), f 6= 0. Now χ(E) = χ(ODq),
and E 6' ODq , so f is zero on one of the irreducible components of Dq. We
take F˜1 to be this component.
We may assume that deg(E|F˜i) ≤ 0 for i 6= 1. The closed subscheme
D′q := s˜∞ +
∑
i 6=1 F˜i ⊂ Dq is reduced and connected. Besides this, E|D′q has
nonpositive degree on any irreducible component of D′q. Therefore, either
f |D′q = 0, or f |D′q has no zero.
In the second case, f |C 6= 0, where C ⊂ Dq is any irreducible component.
Therefore, f ∈ ker(H0(Dq, E)→ H0(D′q, E)). In other words, f ∈ H0(Dq, E⊗
ID′q), where ID′q := {f˜ ∈ ODq | f˜ |D′q = 0} is the sheaf of ideals of D′q.
We have ID′q = O(F3)≈(−D′q)/O(F3)≈(−Dq), and supp ID′q = s˜∞ + F˜1.
Hence, deg(ID′q |F˜1)|F˜1 = deg(O(F3)≈(−D′q)|F˜1) = −1. Therefore, deg(E ⊗ID′q) = deg(E|F˜1)−1 ≤ 0. In the same way, deg(E⊗ID′q)|s˜∞ = deg(E|s˜∞)−1 =−1. Since E ⊗ ID′q is an invertible sheaf on the connected reduced scheme
s˜∞ + F˜1, this implies f ∈ H0(Dq, E ⊗ ID′q) = 0.
Set Pic0(Dq) := {E ∈ Pic(Dq)| deg(E|s˜∞) = 0, deg(E|F˜i) = 0 for all i}.
Proposition 4.4.
Pic0(Dq) ' A2.
Proof. Set Dredq := s˜∞ +
∑6
i=1 F˜i ⊂ Dq. Then Pic0(Dq) = ker(Pic(Dq) →
Pic(Dredq )). Set O′ := ker(O∗Dq → O∗Dredq ). Then the exact sequence 0 →
O′ → O∗Dq → O∗Dredq → 1 defines an isomorphism H1(Dq,O′)
∼−→ Pic0(Dq).
However, O′ is a locally freeOs˜∞-module which satisfies deg(O′) = −(s˜∞, Dredq ) =
−3. Hence Pic0(Dq) is a 2-dimensional C-space.
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Lemma 4.5. The sheaf NDq := O(F3)≈(Dq)|Dq is not trivial.
Proof. Assume the converse. Let σ ∈ H0(Dq,NDq) be a global section of
NDq with no zeros. Since (F3)≈ is a smooth rational projective variety,
H1((F3)≈,O(F3)≈) = 0, and therefore σ ∈ H0(Dq,NDq) = H0((F3)≈,O(F3)≈(Dq)/O(F3)≈)
can be lifted to s ∈ H0((F3)≈,O(F3)≈(Dq)). Then (s) is an effective divisor
equivalent to Dq, and C := supp(s) ⊂ K′5,q. Denote by C ′ the image of C
under the blowing-down K′5,q → K5,q. Then C ′ ∼ 2s∞ +
∑6
i=1 Fi.
Now let f(x, y) be a local equation for C ′ on some local chart. Then we
can write f(x, y) = y2 + a1(x)y + a2(x), where deg ai(x) = 3i. By definiton,
C ′ passes through (ti, νˆ+i ) and (q, p1) with multiplicity 1. Since we put νˆ
±
i =
Πti 6=tj(ti − tj)ν±i , where
ν±i := ±νi (i = 1, . . . , 4), ν+5 := 1− ν5, ν−5 := ν5,
by Vieta’s formula, a1(x) satisfies a1(ti) = 0 for i = 1, . . . , 4 and a1(q) = 0.
This implies a1(x) ≡ 0. However, then 0 = (1 − ν5) + ν5 = 1, which is a
contradiction.
Proposition 4.6. For k 6= 0, H i(Dq, (NDq)⊗k) = 0 if i 6= 1 and H1(Dq, (NDq)⊗k) =
C.
Proof. By (3), we have NDq ∈ Pic0(Dq). Lemma 4.5 and Proposition 4.4
imply (NDq)⊗k 6' ODq for k 6= 0. Lemma 4.3 completes the proof.
Corollary 4.7.
H i(K′5,q,OK′5,q) =

C, i = 0,
H2Dq((F3)
≈,O(F3)≈), i = 1
0, i > 1.
Proof. By local cohomology theory, we have the long exact sequence
0→ H0Dq((F3)≈,O(F3)≈)→ H0((F3)≈,O(F3)≈)→ H0(K′5,q,OK′5,q)
→ H1Dq((F3)≈,O(F3)≈)→ H1((F3)≈,O(F3)≈)→ H1(K′5,q,OK′5,q)
→ H2Dq((F3)≈,O(F3)≈)→ H2((F3)≈,O(F3)≈)→ H2(K′5,q,OK′5,q)
→ H3Dq((F3)≈,O(F3)≈)→ 0.
and H iDq((F3)
≈,O(F3)≈) ' lim−→
k
Exti(OkDq ,O(F3)≈) ' lim−→
k
H i−1((F3)≈,NkDq).
The statement follows from proposition 4.6 and the rationality of (F3)≈.
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Special case: q1 ∈ {t1, . . . , t5}
For the sake of simplicity, we may assume that q1 = t1. Then, (q1, p1) lies on
one of the two exceptional curves E±1 at (t1, νˆ
±
1 ). Suppose that (q1, p1) is on
E+1 . We consider the blowing-up of F˜3 at the two points {(q1, p1), (q1,−p1)}.
We denote by E˜+1 the strict transform of E
+
1 .
In this situation, set
K′5,q1 := Bl{(q1,p1),(q1,−p1)} F˜3 \ (s˜∞ ∪ F˜1 ∪ · · · ∪ F˜5 ∪ E˜+1 ).
We will show that the similar result as Corollary 4.7. Instead of consid-
ering K′5,q1 , we will consider the following surface:
L := F˜3 \ (s˜∞ ∪ F˜1 ∪ · · · ∪ F˜5 ∪ E+1 ).
Proposition 4.8.
H i(L,OL) =
{
C, i = 0,
0, i > 0.
Proof. In F˜3, we have that E+1 is a (−1)-curve, and hence we contract this
curve. Then F˜1 becomes a (−1)-curve, and we also contract this curve. As
a result, we have the blowing-ups of F2 at 8 points, and we have to compute
the cohomology of the surface
L′ := Bl{8pts} F2 \ (s˜∞ ∪ F˜2 ∪ · · · ∪ F˜5).
This is the same situation as [2, Theorem 2 (iii)], and the statement is proved.
The difference betweenK′5,q1 and L is that, adding the points {(q1, p1), (q1,−p1)},
blowing-up these points, and removing the corresponding points. These op-
erations do not change the cohomology H i(O).
5 Proof of Theorem 1.1
By the same argument of Proposition 4.1, we have
Proposition 5.1. Let F be any quasi-coherent sheaf on K′5. Then H i(K′5,F) =
0 for i ≥ 2.
Since Dred := s˜∞+F˜1+· · ·+F˜5 ⊂ F˜3 is contractible, we have the following
lemma.
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Lemma 5.2. H i(K′5,OK′5) =

C, i = 0,
H2m(A), i = 1,
0, i ≥ 2,
where (A,m) is a local ring such that dim(Am) = 2.
Proof. Let pi : F˜3 → S be a map onto a rational surface S which contracts the
divisor Dred ⊂ F˜3 to the rational singular point {p} ⊂ S. Set U := S \ {p}.
Then we have the long exact sequence
0→ H0p (S,OS)→ H0(S,OS)→ H0(U,OU)
→ H1p (S,OS)→ H1(S,OS)→ H1(U,OU)
→ H2p (S,OS)→ H2(S,OS)→ H2(U,OU)
→ H3p (S,OS)→ 0.
By excision isomorphism, we have H ip(S,OS) = H ip(V,OV ), where V =
Spec(A) and {p} corresponds to the maximal ideal m of A. Since V is affine,
this cohomology is equal to H im(A). Now it is straightforward to see that
dim(Am) = depthm(A) = 2. Therefore we have H
i
m(A) = 0 for i 6= 2, and
H1(U,OU) ' H2m(A) 6= 0 (see, for example, [5] p.217 exercise 3.4(b)).
Proof of Theorem 1.1. We may assume that d = −1. Set M̂(−1)Z := M(−1)0∪
Ẑ. By Proposition 3.1, we have injective maps ι : M(−1)0 ↪→ Hilb2(K′5)
and ιˆ : M̂(−1)Z ↪→ H˜ilb
2
(K′5). We define the blowing-up parameter λ− by
p1 + p2 = λ−(q1 − q2).
Set T := H˜ilb
2
(K′5) \ M̂(−1)Z . For a vector bundle F on H˜ilb
2
(K′5),
H i(M̂(−1)Z ,F|M̂(−1)Z ) = H
i(H˜ilb
2
(K′5), ιˆ∗ιˆ∗F)
= lim−→H
i(H˜ilb
2
(K′5),F(kT )).
To compute H i(H˜ilb
2
(K′5),F(kT )), consider H i((K′5 ×K′5)≈,F(kT ′)), where
T ′ is defined by (λ− =∞). We can define a map
f : (K′5 ×K′5)≈ \ T ′ −→ K′5
(q1, p1, q2, p2) 7−→ (q1, p1),
and the fiber is f−1({(q1, p1)}) ' K′5,q1 . By Leray’s spectral sequence, we
have
H i((K′5 ×K′5)≈ \ T ′,F) '
⊕
p+q=i
Hp(K′5, Rqf∗F).
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Using the base change theorem, we have (Rqf∗F)(q1,p1) ' Hq(K′5,q1 ,F(q1,p1)).
Hence, Theorem 1.1 follows from Corollary 4.7, Lemma 5.1 and Lemma 5.2
as follows: we have
H i((K′5 ×K′5)≈ \ T ′,O) =

C, i = 0,
H2m(A)⊕H0(K′5, R1f∗O), i = 1,
H1(K′5, R1f∗O), i = 2,
0, i > 2.
Moreover, the action of S2 on H
i((K′5×K′5)≈\T ′,O) is nontrivial. Therefore,
H i(M̂(−1)Z ,OM̂(−1)Z ) =
{
C, i = 0,
0, i > 0.
Since codimHilb2(K′5)(Z˜) = 2, and M(−1)1 = M(−1) \ M(−1)0 ' A2 (see
[10]), we have
H i(M̂(−1)Z ,OM̂(−1)Z ) = H
i(M(−1)0 ∪ Z˜,O)
= H i(M(−1)0,OM(−1)0)
= H i(M(−1),OM(−1)).
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